In this paper, we show the backward uniqueness in time of solutions to nonlinear integro-differential systems with Neumann or Dirichlet boundary conditions. We also discuss reasonable physical interpretations for our conclusions.
Introduction
Let Ω be a bounded domain of R with a sufficiently smooth boundary Γ and let Ω T := Ω × [0 T ]. The vector ν = (ν 1 ν 2 ν ) is the unit exterior normal. The purpose of this paper is to study the backward uniqueness in time of solutions to boundary value problems for the following nonlinear -Laplacian integro-differential system:
where = 1 2 ≥ 2 and
( ) ∈ C 1 [0 +∞) ( ) ≥ 0 ( ) ≤ 0
The nonlinear integro-differential system of (1), based on Maxwell's system, is a mathematical model of a magnetic field penetrating a substance. Various problems in physics, chemistry, technology and economics lead to this system or its special cases (see [1, 2, 7, 8, 12, 17] ). The existence and uniqueness of solutions to initial boundary value problems for one-dimensional systems such as (1) with = 2 = 2 were first considered in [11] . The existence theorems which are proven in [3, 4, 11] are based on an a priori estimate, Galerkin's method and compactness arguments as in [16] for nonlinear parabolic equations. It is important to investigate the asymptotic behavior of solutions as → ∞ of initial boundary value problems. In this direction, research was made in the works [5, 6, 14, 15] . The asymptotic behavior of solutions as → ∞ of one-dimensional systems for the homogeneous boundary conditions in the space H 1 (0 1) was given in [14] . Stabilization was obtained in the space C 1 [0 1] for nonlinear integro-differential system in [15] .
Backward solutions have been studied for many years. Recently, Fila and Pulkkinen [10] considered the exponential reaction-diffusion equation in space-dimension ∈ (2 10) and showed that for any integer ≥ 2 there is a backward selfsimilar solution which crosses the singular steady state −times. Hoff and Tsyganov [13] derived backward uniqueness of weak solutions to the Navier-Stokes equations of multidimensional compressible flow. Motivated by the papers [10, 13] , this paper is to study the backward uniqueness in time of solutions to the system (1) with Dirichlet or Neumann boundary conditions.
The rest of this paper is organized as follows. In Section 2, we establish an energy inequality and give a complete proof of the main result for the Neumann problem. Then we give a corollary with its physical interpretation. The remaining cases are discussed in Sections 3-4, where the proofs are usually less detailed because the main ideas and techniques are similar to those in Section 2. Finally, we present some comments at the conclusion of this paper.
Neumann problem
In this section, we consider the following nonlinear integro-differential system with a Neumann boundary condition
where = 1 2 and ≥ 2 Note that we do not make any assumptions on the initial condition.
Our main result in this section reads as follows.
Theorem 2.1.
Proof. Multiplying both sides of the system (P N ) by , = 1 2 and integrating the result over Ω we have
Now since
We define the energy functional E( ) as
Using (4), (5) and (3), we see
Step 1. If 0 = 0 then ( 0) = 0 We can rewrite problem (P N ) as
in Ω, where = 1 2 and ≥ 2 Recalling the inequality (6), we see
In view of the definition of E( ), this inequality implies ( ) = 0, = 1 2 for all time
In fact, differentiating equation (6) with respect to and using (1)- (3) we get
Noting ∂ ∂ν = 0, = 1 2 on ∂Ω × [0 T ] and applying Schwarz and Hölder inequalities, we get
Thus (6)- (8) imply
Now if E( ) = 0 for all ∈ [0 T ] the proof is finished. Otherwise, there exists an interval
by ( 0 ) = 0. Define the function ( ) by
In view of (9), we obtain
So ( ) is convex in the interval ( 1 2 ). Consequently, for all ∈ ( 1 2 ) there exists τ ∈ (0 1) such that = (1−τ) 1 +τ 2 and
Combining (11)- (13), we deduce
This inequality implies E( ) = 0 for all time ∈ ( 1 2 ) a contradiction to (10).
Corollary 2.1.
Choosing = 2 = 2 in Theorem 2.1, we obtain the system
Physical interpretation. Suppose there is a lack of magnetic source in the integro-differential system and the boundary is dielectric. If the initial magnetic field vector has zero magnetic field components, then using the energy method, one can easily get that the magnetic field vector must vanish at some later time. Conversely, if the magnetic field vector vanishes at some later time, then one can claim that the initial magnetic field vector must be zero. That is, it is impossible that the initial magnetic field components are positive somewhere and negative somewhere else. One interprets this result by saying the reaction-diffusion system forces an infinite propagation speed for such disturbances. 
for some function . If
Dirichlet problem
In this section, we consider the following nonlinear integro-differential system with a Dirichlet boundary condition
where = 1 2 , ≥ 2 Note that we do not make any assumptions on the initial condition. The main result to the problem (P D ) reads:
Proof. The proof is the same as that of Theorem 2.1. The only difference is that the boundary integral in the Green's formula is zero because of the Dirichlet (and not Neumann) boundary conditions.
Corollary 3.1.
Choosing = 2, = 2 in Theorem 3.1, we obtain the system
Physical interpretation. Like in the case of the Neumann problem, one can give a reasonable physical interpretation to Corollary 3.1.
Corollary 3.2.
Suppose that 1 and 2 are smooth solutions of the heat equation in Ω T , with the same boundary conditions on ∂Ω×[0 T ]:
Remark 3.1.
Corollary 3.2 is the theorem of backward uniqueness for the heat equation in [9] .
Applications to other models
One can use the method to study other models such as the following general divergence integro-differential system for all ∈ Ω and ξ ∈ R Considering this model with homogeneous Neumann or Dirichlet boundary condition, we can obtain the same conclusions as above.
We now give only the important parts of the proof of the Neumann problem for this model. The proof of the Dirichlet problem can be shown in the same way. Consider the general divergence integro-differential system with Neumann boundary condition
where ν = (ν 1 ν 2 ν ) is the unit outward vector along ∂Ω.
Multiplying both sides of the first equation of the system (D N ) by and integrating the result over Ω, we have
Multiplying both sides of the second equation of the system by and integrating the result over Ω, we get
Using (14)- (16) and (3), we see
Differentiating equation (17) with respect to and using ( ) = ( ),
by (D N ) and (3), we get The remaining part of the proof is similar to that for Theorem 2.1.
Remark 4.1.
For the divergence form of the system, it is true that there can be equations instead of just 2. The matrix can be different for each equation and ξ ξ ≥ 0 can replace the stronger ellipticity condition.
Comments
Our results are obtained under the assumption ( ) ≤ 0 and in a smooth function space. We can show similar conclusions under the same assumption on ( ) and in a suitable Sobolev space. The remaining problem is what conclusion can be shown without the condition ( ) ≤ 0
